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Product sets

G group, X δ–hyperbolic metric space, G y X

U ⊂ G finite, |U| = cardinality of U

Un = {g | g = u1 · · · un, ui ∈ U}, Un ⊂ G



Product sets

G = Z = 〈t〉, U = {t, 1, t−1}

|Un| = 2n + 1 6 n|U|

G = F2 = 〈a, b〉, U = {a, b, 1, a−1, b−1}

|Un| = 2 · 3n − 1 and |Un| > |U|n/2



Product sets in free groups

Theorem(Razborov,Safin)

G = F2, ∃α > 0 such that for all finite U ⊂ G , if 〈U〉 not cyclic,

|U3| > (α|U|)2

and in addition |Un| > (α|U|)b(n+1)/2c.
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Product sets in hyperbolic groups

Theorem

G hyperbolic, ∃α > 0 such that for all finite U ⊂ G , if 〈U〉 not

virtually cyclic,

|U3| > (α|U|)2 and in addition |Un| > (α|U|)b(n+1)/2c.

=⇒ h(U) = limn→∞
1
n log |Un| > 1

2 log(α|U|)



Product sets in hyperbolic groups

δ > 0, X δ–hyperbolic graph, G y X properly cocompactly

I infx∈X d(x , gx) > 108δ for all g 6= 1 ∈ G :

α =
1

1200
· 1

|B(x0, 1000δ)|2

I in general, b := |{g | d(x , gx) 6 108δ}|, and

α =
1

1018
· 1

b5
· 1

|B(x0, 1000δ)|2



Product sets in hyperbolic groups

Theorem

G hyperbolic, ∃α > 0 such that for all finite U ⊂ G , if 〈U〉 not

virtually cyclic,

|U3| > (α|U|)2 and in addition |Un| > (α|U|)b(n+1)/2c.



Product sets in hyperbolic groups

G = F2 = 〈a, b〉

UN := {a−N , . . . , a−1, 1, a, . . . , aN} ∪ {b}

Proposition (Button)

Let G be a group. If ∃c > 0, ε > 0 such that

for all U ⊂ G with 〈U〉 not locally virtually nilpotent

|U3| > c|U|2+ε,

then G has bounded exponent.
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Product sets in hyperbolic groups

Theorem

G hyperbolic, ∃α > 0 such that for all finite U ⊂ G , if 〈U〉 not

virtually cyclic,
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Groups acting on trees

Actions on trees

free group, A ∗ B, A ∗C B

Energy and maximal displacement of U ⊂ G

1. E (U) := 1/|U|
∑

u∈U d(x , ux)

2. x0 = minimiser for E (U)

3. λ0(U) := maxu∈U d(x0, ux0)



Groups acting on trees

Theorem

∀ρ0, k > ρ0/1010, ∃α > 0 such that

for all G acting k-acylindrical on tree of edge-length ρ0,

for all finite U ⊂ G with λ0(U) > 1011k and if 〈U〉 not infinite

cyclic,

|U3| > (α|U|)2 and in addition |Un| > (α|U|)b(n+1)/2c.



Groups acting on trees

ρ0, k > ρ0/1010

G acting k-acylindrical on tree of edge-length ρ0

I α = ρ0
1024k

I G = A ∗ B, k = ρ0/1011. If U not conjugate into vertex

stabiliser, λ0(U) > 1011k .



Groups acting on hyperbolic spaces

Theorem

∀δ > 0, k0 > δ, n0 > 0, ∃α > 0 such that

for all G acting (k0, n0)-acylindrical on X ,

for all finite U ⊂ G with λ0(U) > ε log(2|U|), if 〈U〉 not virtually

cyclic,

|U3| > (
α

log(2|U|)
|U|)2 and in addition |Un| > (

α

log(2|U|)
|U|)b(n+1)/2c.



Groups acting on hyperbolic spaces

δ > 0, k0 > δ, n0 > 0

G acts (k0, n0)-acylindrical on X

I If E (U) > ε log(2|U|) + δ, then λ0(U) > ε log(2|U|).

I G = A ∗ Z,U = U0 ∪ {tn}. For large n: E (U) = 1/n, but the

theorem applies.

I ε = 1011k0, α = 1
1020n50

· δ
k2
0



Thank you for your attention!

Theorem

G hyperbolic, ∃α > 0 such that for all finite U ⊂ G , if 〈U〉 not

virtually cyclic,

|U3| > (α|U|)2 and in addition |Un| > (α|U|)b(n+1)/2c.
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