MILNOR-WOLF THEOREM
FOR THE GROWTH OF ENDOMORPHISMS
OF LOCALLY VIRTUALLY SOLUBLE GROUPS
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ABSTRACT. In this paper we are interested in the growth of group endomor-
phisms and in an analogue of the Milnor-Wolf’s Theorem for the growth of
finitely generated soluble groups. Indeed, we prove that if G is a locally vir-
tually soluble group and if ¢ : G — G is an endomorphism, then ¢ has either
polynomial or exponential growth.

This result follows by studying the growth of automorphisms of finitely
generated soluble groups, where we prove some stronger results.

1. INTRODUCTION

For a group G, denote by F(G) the family of all finite non-empty subsets of G.
If ¢ : G — G is an endomorphism and F € F(G), the growth function of ¢ with
respect to F' is

Vo, F :N— N
= | To(e, F),

where

Ta(¢, F) i= Fo(F) - ¢" " (F) == {foo(f1) - " (fa1) t for- - a1 € F}

is the n-th ¢-trajectory of F (see [3, 4l [6]). Here, we define ¢°(F) := F for every
F € F(G) and Ty (¢, F') := {ec} where e is the identity element of G. When eq €
F, we get Tp,(¢, F) C Tpy1(p, F) for every n € N\ {0}, and hence {T,, (¢, F)}nen
is an increasing (with respect to inclusion) family of subsets of G.

Since we want to measure the growth of the group endomorphism ¢ : G — G by
using the growth functions 4 r, we need the following equivalence relation.

Given two maps 7,7 : N = {z € R : z > 0}, we write v < 7/ if there exists
C € N such that y(n) < 4/(Cn) for every n € N. Moreover, we say that v and +/
are equivalent, and write v ~ 7/, if v <+ and 7/ < ; indeed, ~ is an equivalence
relation. Routine computations show that, for every o, 8 € {z € R : z > 0},
n® ~ nf if and only if o = 8; moreover, for every a,b € {z € R: z > 1}, a™ ~ b™.

A mapy:N— {z€R:z>0}is called

(a) polynomial, if v(n) < n? for some d € N\ {0};
(b) exponential, if v(n) ~ e™;
(c) intermediate, if n% < v(n) for every d € N\ {0}, v(n) < e and e™ £ v(n).

The first named author is supported by Programma SIR 2014 by MIUR (project GADYGR,
number RBSI14V2LI, cup G22I115000160008).
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(Our definition here slightly differs from other definitions that can be found in the
literature, see for instance [I4, page 4]; these small differences will not matter for
the content of this paper and we prefer to work with a definition in line with some
other work on growth of group endomorphisms [2], B [6]. See also the comment
following Proposition )

Going back to our setting, for every F' € F(G), we have |F| < vy p(n) <
|F|" for each n € N\ {0}, hence the growth of 74 ¢ is always at most exponential.

Definition 1.1 (See [2] B, [6]). Let G be a group and let ¢ : G — G be an
endomorphism. Then:
(a) ¢ has polynomial growth, if 4 r is polynomial for every F' € F(G);
(b) ¢ has exponential growth, if there exists Fy € F(G) such that v4 g, is
exponential;
(c) ¢ has intermediate growth, if vy r is not exponential for every F € F(G)
and there exists Fy € F(G) such that v4 g, is intermediate.

We say that two group endomorphisms ¢ : G — G and ¢ : H — H have
the same growth type if ¢ and 1 are both polynomial, or both exponential, or both
intermediate; moreover, we say that the growth type of ¢ is smaller than the growth
type of ¢ if for every F' € F(G) there exists F' € F(H) with v r =< vy, 5.

For simplicity, we say that ¢ is subexponential if ¢ has either polynomial or
intermediate growth.

We recall also that for G a group, ¢ : G — G an endomorphism and F € F(G),
the algebraic entropy of ¢ with respect to F' is

1
H(6, F) = lim 1282050
n—oo n

Observe that this limit exists (see [5]). Now, the algebraic entropy of ¢ is
h(¢) = sup H(¢, F).
FeF(G)

It was proved in [3] that H(¢, F') > 0 if and only if 4 r is exponential, and
(1) h(¢) > 0 if and only if ¢ has exponential growth.
Equivalently, h(¢) = 0 if and only if ¢ has subexponential growth.

The above notion of growth for group endomorphisms was inspired by the classic
one. Indeed, given a finitely generated group G and a finite set of generators S of
G, for every g € G, denote by £s5(g) the smallest £ € N\ {0} with

— of1 €2 Ee
g_3182 ".Sl7

where s1,...,80 € Sand ey,...,e0 € {—1,1}. In particular, £5(g) is the length of a
shortest word representing g in the alphabet SUS™!, where S~!:= {s7!:5 € S}.
By abuse of notation, we let £g(eg) := 0. The growth function of G with respect
to S is

Ys :N—> N
n — |Bg(n)l,

where Bg(n) := {g € G : £s(g) < n} is the ball of radius n in the word metric
of G determined by the generating set S. Note that Bg(0) = {eq} and Bg(1) =
SuS—tu{eq}.
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Routine computations show that yg ~ g, for every finite generating sets .S and
S’ of G. This observation allows us to say that G has polynomial (respectively,
exponential, intermediate) growth if g is polynomial (respectively, exponential,
intermediate), and to notice that this definition does not depend upon S.

We mention the famous Milnor’s Problem on group growth (see [15]):

(i) Are there finitely generated groups of intermediate growth?
(ii) What are the finitely generated groups of polynomial growth?

Part (i) was solved by Grigorchuk (see [§]), by constructing his famous examples of
finitely generated groups with intermediate growth. Part (ii) was solved by Gromov
n [I0], by proving that a finitely generated group G has polynomial growth if and
only if G is virtually nilpotent; in the sequel we refer to this result as Gromov’s
Theorem. Pioneering the work of Gromov, Milnor proved in [I6] that if G is a
finitely generated soluble group of subexponential growth, then G is polycyclic;
later Wolf in [I7] showed that a polycyclic group never has intermediate growth.
As customary, we call Milnor-Wolf’s Theorem the fact that a finitely generated
soluble group has either polynomial or exponential growth.

The main result of this paper is a dynamic version of Milnor-Wolf’s Theorem.

Theorem 1.2. If G is a locally virtually soluble group and ¢ : G — G is an
endomorphism, then ¢ has either exponential or polynomial growth.

The proof of Theorem [1.2| (see Theorem below) is rather involved and uses
the work of Gromov [I0] and some ideas of Grigorchuk [9] and Milnor [I6]. In our
opinion the most interesting case of Theorem [I.2]is when G is finitely generated and
¢ is an automorphism, here we prove under these assumptions a stronger statement
that can have independent interest (see Proposition below):

Theorem 1.3. Let G be a finitely generated virtually soluble group, let ¢ : G — G
be an automorphism and let (G, ¢) the subgroup of the holomorph G x Aut(G) of G
generated by G and ¢. Then either ¢ has exponential growth or (G, ) is virtually
nilpotent. In the latter case, ¢ is polynomial.

(For more details on the definition of (G, ¢) in Theorem we refer to the first
paragraph of Section [5] )

Both of these theorems are inspired by our preliminary investigation in [6] where
we extended Gromov’s Theorem and Milnor-Wolf’s Theorem to arbitrary groups
G, by showing that the identity automorphism idg has polynomial growth precisely
when G is locally virtually nilpotent and that if G is locally virtually soluble then
idg has either exponential or polynomial growth.

In the light of Theorem and in the spirit of Milnor’s Problem, we pose the
following:

Problem 1.4 (See [6]). Characterize the groups admitting no endomorphism of
intermediate growth.

We conclude this introductory section by highlighting another consequence of
our work.

Theorem 1.5. Let G be a finitely generated virtually soluble group and let ¢ :
G — G be an automorphism of polynomial growth. Then there exists d € N (which
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depends on G and ¢ only) such that v  ~ n?, for every finite generating set F of
G.

The number d in Theorem[L.5]can be inferred from Theorem (see also Propo-
sition and the work of Grigorchuk on growth in cancellative semigroups (see [9]
Theorem 2]). In fact, d can be computed with the Bass-Guivarc’h formula [T, [T1]
applied to the virtually nilpotent group (G, ¢).

Theorem [L.5]implies in particular that if G is a finitely generated virtually soluble
group and ¢ : G — G is an automorphism of polynomial growth, then vy r ~ 74, 7
for every pair of finite generating sets F' and F’ of G. So Theorem partially
answers the following open problem.

Problem 1.6. Let G be a finitely generated group, let ¢ : G — G be an automor-
phism and let F and F' be any two finite generating sets of G. Is it always true
that Yo, F ~ Vo, F’ ?

2. BACKGROUND ON VIRTUALLY NILPOTENT AND VIRTUALLY SOLUBLE FINITELY
GENERATED GROUPS

In this section we collect useful known results on finitely generated groups,
that we will frequently use. We start with the following consequence of Schreier’s
Lemma.

Lemma 2.1. If G is a finitely generated group and H is a subgroup of G having
finite-index, then H 1is finitely generated.

It is easy to see that a finitely generated group G has the same growth type as
its finite-index subgroup H, see [14, Proposition 2.5(c)].

The lower central series of a group G is defined inductively by 11 (G) = G
and v,11(G) = [ (G), G| for every n € N\ {0}. Each 7,(G) is a characteristic
subgroup of G. The group G is nilpotent if v.11(G) = 1 for some ¢ € N. We say
that G has nilpotency class c if ¢ € N is the minimum such that v.41(G) = 1.

It is easy to verify that subgroups and quotients of nilpotent groups are nilpotent.

Lemma 2.2. Let G be a group and let N be a normal subgroup of G. If G/N is
nilpotent of nilpotency class ¢ € N, then v.+1(G) < N.

Proof. Arguing by induction on n € N\ {0}, it is easy to prove that v,(G/N)
Y (G)N/N. Therefore, Y.4+1(G)N/N = 7.41(G/N) = 1, and hence v.41(G)
N.

OIA

Given a group G, the torsion t(G) of G is the set {g € G : ¢ has finite order}.
We recall that, when G is nilpotent, ¢(G) is a subgroup of G, see [I4, Page 31].
Moreover, a torsion finitely generated nilpotent group is finite, see [I4] Proposi-
tion 2.19].

Given a property P, the group G is said to be virtually P if there is a finite
index subgroup H < G such that H has property P. In particular, G is virtually
nilpotent if it admits a nilpotent subgroup H of finite index; equivalently, G admits
a normal nilpotent subgroup of finite index.

Routine computations show that subgroups and quotients of virtually nilpotent
groups are virtually nilpotent.
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Our next lemma shows that among all finite-index nilpotent subgroups of a
finitely generated virtually nilpotent group G, we may always select one that is
characteristic in G.

Lemma 2.3. Let G be a finitely generated virtually nilpotent group. Then there
exists a finite-index nilpotent characteristic subgroup H of G.

Proof. Let N be a nilpotent normal subgroup of G with |G : N| finite. By
Lemma 2.1} N is finitely generated. Set k := |G : N| and

H:={(¢":9€G)<N.

This definition immediately gives that ¢(H) = H for every automorphism ¢ of G.
Moreover, as H < N, we also get that H is nilpotent. Now, the definition of H
gives that N/H has exponent at most k and hence |N : H| is finite because N/H
is a finitely generated nilpotent group of bounded exponent, so finite. Therefore
|G: H|=|G: N||N : H| is finite. O

We recall that a group G is Noetherian if each subgroup of G is finitely generated.
It is known that every finitely generated nilpotent group is Noetherian, see [14]
Theorem 2.18]. We see now that also every finitely generated virtually nilpotent
group is Noetherian.

Lemma 2.4. FEvery subgroup H of a finitely generated virtually nilpotent group G
is finitely generated.

Proof. As G is virtually nilpotent, G contains a normal nilpotent subgroup N with
|G : N| finite. Then N is finitely generated by Lemma[2.1] As HNN is a subgroup
of the finitely generated nilpotent group IV, we obtain that also H N N is finitely
generated.

Finally, since |H : HNN| = |[NH : N| < |G : N| is finite, we get that H is
finitely generated. O

For a group G, the derived series is defined inductively by G(© := G and
Gt =[G, G™)] for every n € N. Each G is a characteristic subgroup
of G. The group G is soluble if G(¥ =1 for some d € N. We say that G has derived
length d if d € N is the minimum such that G(¥ = 1.

Subgroups and quotients of soluble groups are soluble. Moreover, we recall that
a torsion finitely generated soluble group is necessarily finite, see [I3], 1.3.5].

As for virtually nilpotent groups, routine computations show that subgroups and
quotients of virtually soluble groups are virtually soluble.

Lemma 2.5. Let G be a finitely generated virtually soluble group. Then there exists
a finite-index soluble characteristic subgroup H of G.

Proof. The proof follows verbatim the proof of Lemma [2.3 O
Now we recall the following basic observation, see [16, Lemma 2].

Lemma 2.6. Let G be a finitely generated soluble group and let A be an abelian
normal subgroup of G. If the quotient G /A has a finite presentation, then there exist
finitely many elements o, ...,cp € A so that every element of A can be expressed
as a product of conjugates of the o; in G.
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A group G is polycyclic if it has a normal series
1=G, <G <G =G

with cyclic factor groups G;/G;1, for each i € {1,...,n — 1}. We recall that a
soluble group is Noetherian if and only if it is polycyclic, see [I4, Proposition 2.10].

Subgroups and quotients of polycyclic groups are polycyclic. It is known that
every virtually polycyclic group is finitely presented.

From [14] Theorem 2.12], a polycyclic group G contains a finite-index torsion-free
normal subgroup N. Arguing as in the proof of Lemma we obtain:

Lemma 2.7. Let G be a polycyclic group. Then there exists a finite-index torsion-
free characteristic subgroup H of G.

3. BACKGROUND ON GROWTH AND ENTROPY

In this section we first see that the growth of v4 r is either bounded above by an
absolute constant or at least linear. Then we recall known results and properties
about the growth of group endomorphisms and the algebraic entropy, that we will
use in the main part of the paper.

Proposition 3.1. Let G be a group, let ¢ : G — G be an endomorphism and let
F € F(G). Then one of the following holds:

(a) there exists a constant C' > 0 such that v4 r(n) < C for every n € N,

(b) v4,p(n) >n+1 for every n € N.

Proof. First observe that v4 r is monotone increasing. If v4  is strictly increasing,
then 74 p(n) > n+ 1 for every n € N. In particular, we may assume that vy r is
not strictly increasing, and hence there exists ng € N such that

T (6, F) = [Tng11(; F).
Select once and for all f € F. Since Tyy41(¢, F) = T, (¢, F)¢™ (F), we have

(2) Tﬂ0+1(¢7 F) = Tno (¢a F)¢n0 (f)
We prove, by induction on m € N\ {0}, that

(3) Tno+7n(¢7 F) = Tno (¢7 F)¢n0 (f)¢no+l(f) e ¢no+m71(f)'
The case m =1 is Eq. . Suppose that m > 2. The inductive hypothesis yields

Too4m(9, F) = FO(Tngrm-1(0,F))
= F§(Tno (0, F)¢" ()™ T (f) - 6" 2(f))
= F¢(Tny (¢, F))"TH(F)o"F2(f) - "™ H(f)
= Tps1(d, )" ()" 2(f) - 0" ()
= Tuo(&, F)g™ (F)o™ ()™ *2(f) - o™ ™1 (f).
Eq. yields 74 p(n) < |Th, (¢, F)| = 74,7 (no) for every n € N and the lemma
follows by taking C' := 74 r(no). d

Using Proposition|3.1]it is easy to show that, for the functions we are interested in
in this paper (that is, the functions v, g, for some group endomorphism ¢ : G — G
and some F' € F(G)), our definition of < is equivalent to other definitions that can
be found in the literature, for instance [14, page 4].
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For a group G and an endomorphism ¢ : G — G, we say that a subgroup H
of G is ¢-invariant (respectively, ¢-stable) if ¢(H) C H (respectively, ¢(H) = H).
Clearly, when ¢ is an automorphism, every characteristic subgroup of G is ¢-stable.
In what follows, we denote by ¢ [g the restriction of ¢ to the ¢-invariant subgroup
H.

The next useful observation is a direct consequence of the definitions.

Lemma 3.2. Let G be a group, let ¢ : G — G be an endomorphism and let H be
a ¢-invariant subgroup of G. Then:

(a) the growth type of ¢ |1 is smaller than the growth type of ¢;
(b) if H is normal in G and ¢ : G/H — G/H is the endomorphism induced by ¢,
then the growth type of ¢ is smaller than the growth type of ¢.

The following result will be fundamental for the proof of our main theorems.
Indeed, when we have a group endomorphism ¢ : G — G of subexponential growth
and we aim to prove that ¢ has polynomial growth, Lemma will let us reduce
to finitely generated groups.

Lemma 3.3 (See [6, Corollary 4.5]). Let G be a group and let ¢ : G — G be an
endomorphism. If ¢ has subexponential growth (i.e., h(¢) = 0), then

V(, F) := (F,¢(F), p*(F),...,¢"(F),...)
is finitely generated for every F € F(G).

It is known (e.g., see [4]) that if ¢ : G — G is a group endomorphism, then
h(¢™) = nh() for every n € N\ {0}. This has the following consequence in view

of Eq. .

Lemma 3.4. Let G be a group, let ¢ : G — G be an endomorphism and let n be
in N\ {0}. Then ¢ has subexponential growth if and only if " has subexponential
growth.

In the next sections the so-called Algebraic Yuzvinski Formula will play a crucial
role. Therefore, we recall this fundamental result on algebraic entropy of abelian
groups.

Let f(X) be a polynomial in Z[X] of degree n > 1. As C is algebraically closed,
we may write

i=1
with s € Z and Ay, ..., \, € C. The logarithmic Mahler measure of f(X) is
m(f(X)):=log|s|+ Y log|Al.

i€{l,...,n}

with [A;|>1
This invariant is closely related to the algebraic entropy of endomorphisms of
abelian groups. Indeed, the Mahler measure of a linear transformation ¢ of a
finite dimensional rational vector space Q™, n € N\ {0}, is defined as follows. Let
g(X) € Q[X] be the characteristic polynomial of ¢. Then there exists a smallest
s € N\ {0} such that sg(X) € Z[X] (so sg(X) is primitive). The Mahler measure

of ¢ is m(¢) := m(sg(X)).
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Theorem 3.5 (Algebraic Yuzvinski Formula, see [7]). Let n be in N\ {0} and let
¢ : Q" — Q" be an endomorphism, then h(¢) = m(¢).

The following lemma can be deduced from [5, Proposition 3.7]. We will use it to
extend an automorphism of a finitely generated abelian group, that is, Z" for some
n € N\ {0}, to an automorphism of Q™ in order to apply the Algebraic Yuzvinski
Formula.

Lemma 3.6. Let G be a torsion-free abelian group, let ¢ : G — G be an endomor-
phism and let ¢ ® idg be the unique extension of ¢ to the injective hull G ®z Q of
G. Then h(¢) = h(¢ ®idg) and ¢ has the same growth type of ¢ ® idg.

In what follows we need the following result due to Kronecker.

Theorem 3.7 (See [12]). Let f(X) € Z[X] be a monic polynomial with roots
at,...,ar € C. If lai| =1 for every i € {1,...,k}, then «; is a root of unity for
every i € {1,...,k}.

4. REDUCTION TO AUTOMORPHISMS

By the next proposition, an injective endomorphism of subexponential growth
is necessarily an automorphism.

Proposition 4.1. Let G be a group and let ¢ : G — G be an injective endomor-
phism. If ¢ is not surjective, then ¢ has exponential growth.

Proof. Suppose that ¢(G) < G. Let f € G\ ¢(G) and set F':= {eq, f}. We claim
that, for n € N\ {0}, we have

Yo,p(n) =2
from this it immediately follows that ¢ has exponential growth. We argue by
induction on n. If n = 1, we have 4 (1) = |F| = 2 = 2!. Assume now that

vo.r(n) = 2™. Observe that this implies that the 2" many products
€1¢(62)"'¢n71(en) (fOI‘ €1,...,6n € F)

are all distinct. Let eq,...,enq1,€],...,€, 1 € F and suppose that
(4) e1g(ea) - 9" (en)d" (ens1) = €1d(en) - 9" (€)@ (€ 40)-
Multiplying both sides of this equation by the subgroup ¢(G), we get
e10(G) = €16(G).
As ey el € F={eqg, f} and f ¢ ¢(G), we get e; = €. Therefore, by simplifying
e1 = €} on both sides of Eq. , we deduce
Pleadp(ez) - 9" 2(en)" Hent1)) = dlea) 4" (en)d" (ens1)

= (ey) " (er) 0" (en1)

= oleho(ey) - 0" 2(e,)" Hepyn))-
Since ¢ is injective, we obtain

e2d(es) - " (en)d" (ent1) = exlen) - "2 (€),)o" T (€l in)

and the inductive hypothesis gives e; = e} for every i € {2,...,n 4+ 1}. Thus
’y¢,F(’I’L + 1) = 2n+1- |

We see now that the group endomorphism ¢ : G — G has the same growth type
of the endomorphism ¢ : G/Ker(¢) — G/Ker(¢) induced by ¢.
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Lemma 4.2. Let G be a group, let ¢ : G — G be an endomorphism and let
¢ : G/Ker(¢) — G/Ker(p) be the endomorphism induced by ¢. Let F' € F(G) and
let F' be the projection of F on G/Ker(¢). Then

(5) Yo.r(n) <|Flyg p(n—1) < [Flyg p(n—1)
for each n € N\ {0}. In particular, vy r ~ v p, H(¢, F) = H(¢,F) and h(¢) =
h(®).

Proof. Set K := Ker(¢). We denote by ~ : G — G/K the natural projection of G
onto G/ K, and we use the usual “bar” notation.
Let S be a subset of G. We claim that

(6) 6(S)| = [S].
Indeed, for x,y € S, we have ¢(x) = ¢(y) if and only if zy~! € K; this in turn
happens if and only if xy—1 = 1, that is, T = 7.

Now, let FF € F(G) and n € N. From Eq. @ applied with S replaced by

(7) |8(Tn (0, F))| = [T0(9, F)| = |T0(8, F).
From Eq. the first part of the lemma immediately follows. In fact, given n €
N\ {0}, we have

Vo,r(n) = |Tu(¢, F)| = |Fd(Tn-1(¢, F))| < |Fl|¢(Tr-1(0, F))|
= |FlITnr(9, F)| = [Flyg r(n = 1) < |Flyg p(n —1).
From these inequalities, we see that if 75 5 (respectively, 74 ) is bounded above by
an absolute constant, then so is 74 r (vespectively, v5 ). In particular, v r ~ 75 p-
Suppose that 74 r and 5 g are not bounded above by an absolute constant. Then
Proposition yields 7¢;’p(n) >n+ 1, for every n € N. Now, a moment’s thought
yields |F|yg p(n—1) <75 p(Cn) for every n € N\ {0}, for some absolute constant
C > 0. Thus 74 r(n) < |F|vg p(n—1) <75 p(Cn) for every n € N\ {0} and hence
Yo, F = Vg p- As it is clear that v5 5 = 7p F, We get Yo r ~ V5 p-
From Eq. , we obtain

log v, 7(n) - =

H(6, F) = Tim 28700 _ ) = H(¢,F)

n—00 n n—00 n

and hence h(¢) = h(¢). O
For a group G and an endomorphism ¢ : G — G, let
(8) Keroo(¢) == | J Ker(¢").
neN\{0}

It is straightforward to verify that ¢(Kero (¢)) C Keros(¢) and that ¢~ (Keroo (¢)) =
Kerso (¢). Moreover, the induced endomorphism ¢ : G/Kero(¢) — G/Kerso () is
injective.

Lemma 4.3. Let G be a group, let ¢ : G — G be an endomorphism and let
¢ : G/Keroo(¢) — G/Keroo(9) be the endomorphism induced by ¢. Assume there
exists ng € N\ {0} with Kero(¢) = Ker(¢™). Let F € F(G) and let F be the
projection of F on G/Kery(¢). Then

Yo, (1) < |F["v5 7(n —no) < |[F["7,r(n — no),
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for every n € N with n > ng. In particular, vy r ~ V5 p, H($, F) = H(¢,F) and
h(¢) = h(¢).

Proof. Set K := Keroo(¢). For n € N\ {0}, let K,, := Ker(¢") and denote by
¢n : G/ K, = G/K, the endomorphism induced by ¢ on G/K,, and by m, : G —
G/K,, the natural projection. Applying Lemma inductively, for every n € N
with n > ng, we get

V.7 (1) < F1g, my () (0 — 1)
= |F|(|F|’Y¢§2,7T2(F)(n - 2)) <-- < |F|n0’y¢§no,7"no(F)(n - nO)'
As K = Ker(¢™), we have 7, (F) = F and ¢,, = ¢ and hence
Yo7 (n) < |F["5 p(n — no).
The inequality 75 7(n — no) < 7g,r(n — ng) is clear.
The rest of the proof follows verbatim the proof of Lemma 4.2 ([

Lemma 4.4. Let G be a group and let ¢ : G — G be an endomorphism. If Kerso ()
is finitely generated, then Kero,(¢) = Ker(¢™) for some ng € N\ {0}.

Proof. Let kq,..., k¢ be a family of generators for Kery(¢). From the definition
of Keroo(¢) in Eq. (§), for every i € {1,...,¢}, there exists t; € N\ {0} with
s; € Ker(¢'). Now, consider ng := max(t; : ¢« € {1,...,¢}) and observe that
k1,..., ke € Ker(¢™). Therefore

Ker(¢™) < Keroo (@) = (k1, ..., ke) < Ker(¢™)
and hence Kery, (¢) = Ker(¢™). O

Lemma 4.5. Let G be a Noetherian group and let ¢ : G — G be an endomorphism.
Then Keroo(¢) = Ker(¢™) for some ng € N\ {0}.

Proof. Since G is Noetherian, Kery,(¢) is finitely generated and hence Kery, (@) =
Ker(¢™) for some ng € N\ {0} by Lemma O

Corollary 4.6. Let G be a finitely generated virtually nilpotent group and let ¢ :
G — G be an endomorphism. Then Kero(p) = Ker(¢™) for some ng € N\ {0}.

Proof. By Lemma G is Noetherian, so Lemma [4.5] applies. O

The following lemma is more general than Corollary On the other hand,
it does not cover Lemma because there exist Noetherian groups that are not
finitely presented. (For instance, a Tarski monster is not finitely presented and
is clearly Noetherian because the only proper non-identity subgroups are cyclic of
prime order.)

Lemma 4.7. Let G be a finitely generated group, let ¢ : G — G be an endo-
morphism, and assume that G/Kers (@) is finitely presented. Then Kery (@) =
Ker(¢™) for some ng € N\ {0}.

Proof. Let K := Kero(¢) and K,, := Ker(¢") for every n € N\ {0}. We denote by
~: G — G/K the natural projection of G onto G/K = G. Let g1,...,g. be a finite
set of generators for G. Observe that gi,..., g, is a finite set of generators for G.
As G is finitely presented, G has a finite presentation (in the generators gi,. .., g.):

G= (21, T (D1, )y, me(T1, 0, 2))e
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For i e {1,...,¢}, let k; :=r;(g1,...,9x) and observe that k; € K because
ki =7(g1,...,3:) = 1.
We claim that
K=(k}:ie{l,...,l},g€G).
Let us denote by H the group (k! : i € {1,....4},9 € G). As k; € K and
K <G, we have H < K. We prove the reverse inclusion. Let k£ € K. Since G is

generated by g1, ..., gx, the element k£ must be written as a word in g1, ..., g, that
is, k = w(g1,...,gx) for some word w(zxy,...,z,). Now,

eq =k=w(g, .., 9x) = w(g1, .-, dx)
and hence, directly from the definition of group-presentation, the word w(x1, ..., x,)
lies in the normal closure
(ri(ze, ... ,xx)® i€ {l,... . 0},x € (T1,...,Tu)).
Therefore

k=w(gi,...,9x) € (rilg1,--.,9:)?:1€{1,...,0},9g€G)
= (kf:ie{1,....4},g€G)=H.
Observe now that K is the union of the infinite chain K7 < Ky < K3 < ---. Let

ng € N\ {0} with kq,..., ks € K,,. Observe that ng exists because kq, ...,k is a
finite set in K. Since K,, < G, we now get

K, <K= (ki:ie{l,....0},9€G) <K,

0?7

that is, K = K,,. (]

5. CLASSIC GROWTH VERSUS ENDOMORPHISM GROWTH

Let G be a finitely generated group and let ¢ : G — G be an automorphism.
We consider the semidirect product G x (@) given by the action of ¢ on G, and we
identify G with the subgroup G x {idg} of G x (¢). Using this identification, we
will write (G, ¢) in place of G x (¢). Clearly, (G, ¢) is a finitely generated group.

(For not making the notation cumbersome, if N is a normal ¢-stable subgroup
of G, we write simply (N, ¢) and (G/N, ¢) in place of, respectively, (N, ¢ [n) and
(G/N, ¢), where ¢ : G/N — G/N is the automorphism induced by ¢; hopefully
this abuse of notation will not cause any confusion.)

In this section we give relations between the growth of the group automorphism
¢ : G — G and the classic growth of the finitely generated group (G, ¢).

Lemma 5.1. Let G be a finitely generated group, let ¢ : G — G be an automor-
phism, let F be in F(G) and let n be in N\ {0}. Then vy p(n) = |[(Fo~1)"|.

Proof. Computing in (G, ¢), we see that for g € G, we have ¢(g) = ¢~ 'gp. Then

To(¢, F) = Fo(F)Q*(F)---¢" " (F) = F(¢7' Fe)(¢ 2 F¢*)--- (¢~ "D Fg )
(Fo~")(Fo™t) - (Fo~h)o" = (Fo)"o".

Therefore, v, p(n) = |1 (¢, F)| = [(F¢~1)"|. O
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Using one of our favourite results of Grigorchuk [9], we now prove that ¢ has
polynomial growth precisely when (G, ) has polynomial growth. By Gromov’s
Theorem the latter condition is equivalent to require that (G, ¢) is virtually nilpo-
tent. (We thank Grigorchuk for sharing with us the ideas in [9].)

Proposition 5.2. Let G be a finitely generated group and let ¢ : G — G be an
automorphism. Then the following conditions are equivalent:

(a) ¢ has polynomial growth;

(b) (G, ®) has polynomial growth;

(c) (G, ) is virtually nilpotent.

Proof. (a)=(b) Let F be a finite set of generators for G with eq € F and consider

S:=JFe )",
neN
where the computations are performed in (G, ¢). Then, by construction, S contains
ec and is closed by taking products, therefore S is the subsemigroup of G with
identity generated by F¢~!. Observe that S is a cancellative semigroup, because
S C G and G is a group. By hypothesis 74 7(n) is polynomial, so the function

ne [(Fomh)"|

is polynomial by Lemma [5.1} Since S is a cancellative semigroup of polynomial
growth, S has the group of left quotients S~1S by [9, Corollary 1]. Clearly, S~1S =
(G, ¢), since (G, ¢) is generated by F¢~! as a group, and in particular (G, ¢) = (S).
Now [9, Theorems 1 and 2] show that the polynomial growth of the semigroup S
forces a polynomial growth of the group S™1S = (G, ).

(b)=-(a) By hypothesis, there exist di,ds € N such that, for each inverse-closed
finite subset S of (G, @), we have

1S < dyn®,
for every n € N. In particular, if F' is a finite subset of G, by Lemma [5.1| we get
Yo,r(n) = [(Fo~H)"| < [(Fo~' U(Fo~)~H)"| < din®,

thus ¢ has polynomial growth.
(b)<(c) This is Gromov’s Theorem. O

To apply the ideas in Proposition more directly in later arguments, we prove
the following result.

Proposition 5.3. Let G be a finitely generated group and let ¢ : G — G be an
automorphism. If £ € N\ {0} and N is a finite-index normal ¢-stable subgroup of
G, then (N, ¢') has finite index in (G, ). Consequently:

(a) (G, ) is virtually nilpotent if and only if (N, ¢*) is virtually nilpotent;

(b) (G, ¢) has polynomial growth if and only if (N, ") has polynomial growth.

Proof. Let N be a finite-index normal ¢-stable subgroup of G. Observe that a set
of representatives for the right cosets of N in G is also a set of representatives for
the right cosets of (N, @) in (G, ¢). Therefore |(G, @) : (N, ¢)| = |G : N|. Moreover,
[(N, @) : (N, ¢")| = £. Hence, (N, ¢*) is a finite-index subgroup of (G, #).
Consequently, the statement in item (a) holds true. Moreover, (b) follows from
(a) and Proposition O
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It is rather hard for the authors to skip to the next section without adding
a remark that we believe is pivotal to have a better understanding on growth of
automorphisms. In fact, we believe that Proposition is only the tip of an iceberg
and dare to make the following conjecture.

Conjecture 5.4. Let G be a finitely generated group and let ¢ : G — G be an
automorphism. Then ¢ has exponential growth if and only if (G, ¢) has exponential
growth.

Clearly, if ¢ has exponential growth, so does (G, ¢).

6. AUTOMORPHISMS ACTING NILPOTENTLY

Let G be a group and let ¢ : G — G be an automorphism. For n € N\ {0}, we
define the symbol [G, ¢, ..., ] (or, [G,, ¢] for short) inductively:
~——

n times

(G 0):=[G,¢]:= (g7 d(9) : g€ G) and [G,ni1 0] := [[Gsn ¢, @] for n > 1.

Definition 6.1. Let G be a group and let ¢ : G — G be an automorphism. We
say that ¢ acts nilpotently on G if there exists n € N\ {0} such that [G,, ¢] = 1.

We start with basic properties, whose proofs are clear from the definition.

Lemma 6.2. Let G be a group, let ¢ : G — G be an automorphism and let H be a
¢-stable subgroup of G. If ¢ acts nilpotently on G, then ¢ acts nilpotently on H.

Proof. The thesis follows from the fact that [H,, ¢] C [G,, , ] for every n € N\
{0}. O

Lemma 6.3. Let G be a group and let ¢ : G — G be an automorphism. If ¢ acts
nilpotently on G, then ¢° acts nilpotently on G, for every £ € N\ {0}.

Proof. The thesis follows from the fact that [G,, ¢‘] C [G,, ¢] for every n € N\
{0}. O

Proposition 6.4. Let G be a finitely generated group and let ¢ : G — G be an
automorphism. Then the following conditions are equivalent:

(a) (G, @) is nilpotent;

(b) G is nilpotent and ¢ acts nilpotently on G.

Proof. (a)=(b) Let H := (G, ¢) and assume that H is nilpotent, that is, y44+1(H) =
1, for some d € N\ {0}. Clearly, G is nilpotent; moreover, ¢ acts nilpotently on G
since [Gq ¢] < vat1(H) = 1.

(b)=(a) Let ¢,m € N\ {0} where c is the nilpotency class of G and [G,, ¢] = 1.
We show, by induction on ¢, that Vi,.+1({(G,®)) = 1. Suppose that ¢ = 1, that is,
G is abelian. As (G, ¢)/G is cyclic and [G, G] = 1, we have

12((G, ) = (G, 9), (G, ¢)] =[G, (G, ¢)] =[G, ¢]

and, arguing inductively on m > 2,

Ym+1((G,¢)) = [ym((G, 9)), (G, 9)] = [[Gym—1 0], 9] = [Gym @] = 1.
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Suppose now that ¢ > 1. Let G := G/7.(G) and let ¢ : G — G be the au-
tomorphism induced by ¢ on G. As [G,, ¢] = 1, the inductive hypothesis yields

Ym(e—1)+1((G, ) = 1, that is, Ym(e—1)11((G, 9)) < 7(G) by Lemma Therefore
’Ymc+1(<G7 ¢>) = [7m(c—1)+1(<G7 ¢>)a <Ga ¢>7 ey <G7 ¢>] S [’YC(G)7 <G7 ¢>a ey <Ga ¢>]
[ E——

m times m times

Since v.(G) is a central subgroup of G, we get [1.(G), (G, ¢)] = [1.(G), ¢] and hence

Tmet1((G,9)) < [1e(G), ¢, -, 8 = [1e(G)ym ¢] = 1.

m times

Thus, (G, ¢) is nilpotent. O

For abelian groups we have the following clear set-theoretic description of the
subgroups [G,, ¢].

Lemma 6.5. Let G be an abelian group and let ¢ : G — G be an automorphism.
Then, for every n € N\ {0},

(9) [Gn @] = (¢ —ide)"(G) = {(¢ —ida)"(9) : g € G}
Consequently, [G,, ¢] = 1 if and only if (¢ —idg)™ = 0.

Proof. We proceed by induction on n € N\ {0}. (We use an additive notation for
G.) When n = 1, we have

G.¢] = (l9,0]:9€G)=(—g+¢ 'gp:9€G)
= (—g+9¢(9):9€G)=((¢—idc)(9): 9 €G)={(¢—idc)(g): g € G}
Let now n € N\ {0}; then

[Gini1d]l = [[Gndl ¢l = [{(¢ —ida)"(g) : g € G}, ¢
= {(¢—id)(¢ —ida)"(9) : g € G} = {(¢ —idc)" " (g) : g € G}.
This proves Eq. @ The second assertion is an immediate consequence. (I

The next result will be used in Proposition [6.7]

Lemma 6.6. Let G be a finitely generated abelian group and let ¢ : G — G be an
automorphism such that ¢ acts nilpotently on G. Then there ezists a sequence

G=Co>Cy>--->C,,=0
such that, for each i € {0,...,m — 1},
C;/Citq is cyclic and [C;,¢] < Ciyq.

Proof. From Proposition (G, ¢) is nilpotent and hence polycyclic. Since each
vi(G)/7vi+1(G) is finitely generated and v2(G) < G by Lemma we may take
(Ci)™,, to be any normal series of (G, ¢) passing through G, witnessing that (G, ¢)
is polycyclic and refining the lower central series of (G, ¢). (]

The next result will be applied in the proof of Theorem

Proposition 6.7. Let G be a polycyclic group of derived length d € N\ {0} and
let ¢ : G — G be an automorphism such that ¢ acts nilpotently on G(i)/G(”l) for
every i € {1,...,d — 1}. Then there exists a normal series

G=G1>Gy> - >Ge 1 >G. =1,
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- refining the derived series of G;
- with G;/Gi11 cyclic for eachi € {1,...,k —1};
- with [Gi, ¢] < Gigq1 for each i€ {1,...,5k—1}.

Proof. Let i € {1,...,d — 1}. Then G® /GU+1) is abelian and finitely generated
since G is polycyclic. By Lemma applied with B := G /GU+D) | there exists a
normal series

G =Cy>0C> >0, =GO

such that C;/Cj4q is cyclic and [C}, ¢] < Cjqq for every j € {0,...,m; —1}. O

We give now an auxiliary lemma used in the proof of Lemma 3.4

Lemma 6.8. Let A be an infinite finitely generated torsion-free abelian group and
let ¢ : A — A be an automorphism such that ¢ acts nilpotently on A. Then there
exists a ¢-stable subgroup B of A such that A/B is infinite cyclic (i.e., isomorphic
to Z).

Proof. If A/[A, ¢] is finite, then, arguing by induction on n € N\ {0} and us-
ing the set-theoretic description of [A,, ¢] in Lemma one can prove that
[A,, ¢]/[Asnt1 @] is finite for every n € N\ {0}. Since ¢ acts nilpotently on A,
there exists ng € N\ {0} with [A,,,,¢] = 1, however this would mean that A is
finite, contradicting the fact that A is infinite by hypothesis.

Therefore A/[A, ¢] is an infinite finitely generated abelian group, so there exists
a subgroup B of A such that [4, ¢] < B and A/B is infinite cyclic. Since B contains
[A, @], B is ¢-stable. O

7. GROWTH OF ENDOMORPHISMS OF LOCALLY VIRTUALLY NILPOTENT GROUPS

In this section we prove that, if G is a locally virtually nilpotent group, then
every endomorphism of G has either polynomial or exponential growth.

We start with a technical lemma which permits (for example) to restrict to
torsion-free finitely generated nilpotent (or abelian) groups.

Lemma 7.1. Let G be a finitely generated nilpotent group, let ¢ : G — G be an
automorphism and let T be a finite normal ¢-stable subgroup of G. If there exists
¢ € N\ {0} such that (G/T, ¢*) is nilpotent, then there exists ¢/ € N\ {0} such that
(G, ¢ is nilpotent.

Proof. Assume that G has nilpotency class c and that (G /T, ¢*) has nilpotency class
d. Since T is finite and ¢* [7: T'— T is an automorphism, there exists a non-zero
multiple ¢/ of ¢ such that ¢ = idp (for instance, we may take ¢/ := ¢|Aut(T))).
We prove that L := (G, ¢e’> is nilpotent. By Lemma applied to (G, ¢*) and to
its normal subgroup T, we have v411((G, ¢*)) < T and hence

Yat1(L) < var1((G, ) < T.
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. / .
Therefore, since ¢* centralizes T,

Yite+1(L) = [yat1(L),L,..., L]
——
ctimes
< [T,L,..., 1]
——
ctimes
< [1,G,...,G) <|G,....,G] =v.41(G) = 1.
——— ——
ctimes c+1 times
Thus, L is nilpotent of nilpotency class at most ¢ + d. (Il

The following lemma will be fundamental for this and for the next section. It
uses the Algebraic Yuzvinski Formula.

Lemma 7.2. Let G be a finitely generated abelian group and let ¢ : G — G be an
automorphism of subexponential growth. Then there exists £ € N\ {0} such that ¢*
acts nilpotently on G and consequently (G, ¢*) is nilpotent.

Proof. Since the torsion #(G) is a finite ¢-stable subgroup of G, by Lemma we
can assume without loss of generality that G is torsion-free, that is, G = Z™ for
some m € N\ {0}.

Let py(X) be the characteristic polynomial of ¢®Q. As ¢ is an automorphism of
G = 7™, we see that py(X) € Z[X] and that pgs(X) is monic. As h(¢®Q) = h(¢) =
0 in view of Eq. and Lemma by Theorem [3.5| we get that |[A] < 1 for each
eigenvalue A of ¢ ® Q. Recall that the coefficient of degree zero of p,(X) € Z[X]
is (up to a sign change) the product of the eigenvalues of ¢ ® Q. Consequently,
|A| = 1 for each eigenvalue A of ¢ ® Q, so Theorem yields that each eigenvalue
of  ® Q is a root of unity. Thus

t
po(X) = [[(X —wi)™,
i=1

where mq,...,m; € N\ {0}, m = my +--- + my, and wy,...,w; € C are roots
of unity. Let ¢ be the least common multiple of the order of the roots of unity
Wiy, ws. Now,

¢ t
por(X) = [T —ely™ = [IX = )™ = (X = =i = (X =)™,
i=1 i=1
and hence (¢* — 1) = 0. By Lemma this is equivalent to
(10) G, ¢", ..., ¢ =1
—_——
m times

Since G is abelian, we have [G,G] = 1, hence Eq. implies that (G, #") has
nilpotency class at most m. O

By applying inductively the above lemma, we can prove a similar result for
finitely generated nilpotent groups.

Lemma 7.3. Let G be a finitely generated nilpotent group and let ¢ : G — G be an
automorphism of subexponential growth. Then there exists £ € N\ {0} with (G, ¢*)
nilpotent.
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Proof. We argue by induction on the nilpotency class ¢ of G. If ¢ = 1, that is
[G,G] =1, then G is abelian and Lemma applies.

Suppose ¢ > 1. By Lemma and by the inductive hypothesis there exist
01,05 € N\ {0} such that both

(e@).0) amd (o)

are nilpotent, say that the first has nilpotency class ¢; and the second nilpotency
class cs.

Write £ := (/5. In view of Lemma applied to (G, ¢) and to its normal
subgroup 7.(G), we have 7.,+1((G, ¢*)) < 7.(G). Moreover, since [y.(G),G] =
'Ychl(G) = 17 we gEt

701+02+1(<G7 ¢Z>)

[762+1(<Ga ¢é>)7 <G7 ¢Z>a ) <Ga ¢é>]

c1times
< (@), (G, 8, ., (G, )]
cytimes
S [VC(G)ﬂd)ea"'ad)q §7cl+1(<70(G)a¢e>) = 1
—_———
cy times
Therefore (G, ¢*) is nilpotent of nilpotency class at most ¢; + co. ([

We are now in the position to prove the result announced at the beginning of
this section.

Theorem 7.4. If G is a locally virtually nilpotent group and ¢ : G — G is an
endomorphism, then ¢ has either exponential or polynomial growth.

Proof. Assume that ¢ has subexponential growth. To conclude that ¢ has poly-
nomial growth, we need to prove that, for every F' € F(G), the function vy p is
polynomial. Therefore, fix F' € F(G) and set

V(p,F) = (F,p(F), p*(F),..., 6" (F),...).

By Lemma (a) ¢ Tv(g,r) has subexponential growth. Clearly, 74 r has poly-
nomial growth if ¢ [y (4 r) has polynomial growth. In particular, we can assume
without loss of generality that G = V (¢, F'). By Lemma G is finitely generated.

In view of Corollary and Lemma we may assume that ¢ is injective,
hence ¢ is an automorphism of G by Proposition [£.1}

By Lemma there exists a finite-index nilpotent normal ¢-stable subgroup H
of G, hence ¢ [g: H — H is an automorphism; moreover H is finitely generated by
Lemma Since ¢ [y has subexponential growth by Lemma (a), there exists
¢ € N\ {0} with (H, ¢*) nilpotent by Lemma Hence, ¢ has polynomial growth
by Proposition [5.3] and Proposition [5.2] O

8. GROWTH OF ENDOMORPHISMS OF LOCALLY VIRTUALLY SOLUBLE GROUPS

In this section we finally prove that, if G is a locally virtually soluble group, then
every endomorphism of G has either polynomial or exponential growth.

The first step consists in proving that, if ¢ is an automorphism of a finitely
generated soluble group G which is not polycyclic, then ¢ has exponential growth.
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We follow Milnor [16] adapting his proof to our more general and slightly different
situation.
We start with a rather technical lemma.

Lemma 8.1. Let G be a finitely generated soluble group of derived length d and let
¢ : G — G be an automorphism of subexponential growth. For each o € G4~ and
for each B € G, the set of conjugates

{(Bo™")Pa(Be™ )" k€ Z}
spans a finitely generated subgroup of G4~ . (The computations are performed in
(G,9).)
Proof. Set A := G@~1) and observe that A is abelian. Let v € A and 8 € G. For

each m € N\ {0} and for each sequence i1, is,. .., i, with i; € {0,1}, consider the
expression
(11) a'Bota Bt alm BT € (G 0).

We rewrite this expression in two different ways, each giving some useful insight.
First, observe that ¢~y = ¢(7)¢~! and, more generally, 'y = ¢(v)¢ " for every
t € Z. Thus Eq. can also be written as

(12) a'' Bp(a”B)¢? (af) - o™ Hatm BT,
Now set ¢ := ¢!, where we view ¢ : G — G as the automorphism defined by
(7)== Be(7)B", for every v € G.

Arguing as above, for each v € G and t € Z, we have 1ty = 1t (y)~t for every
t € Z. Thus Eq. can also be written as
(13) ag(a’) " @l )T

If for every m € N\ {0} these 2™ expressions all represented distinct elements of
(G, @), then Eq. would give |T,,, (¢, {5, af})| > 2™, contradicting the fact that
¢ does not have exponential growth.

Therefore there exist m € N, i1,...,0m,J1,---,Jm € {0,1} with (i1,... i) #
(j1,---,Jm) such that the expressions in Eq. corresponding to these strings
give rise to the same element of (G, ¢). Observe that by choosing m as small as
possible, we may assume that i; # j; and i, # jm, and that m > 2.

Now, by using Eq. 7 we obtain the equality

Q" (a2 ) = @ ()R ) g ),
Therefore, using that A is a normal subgroup of (G, ¢) and that A is abelian, we
get
(1) QIR 0 g o) = e
where the exponents i;, — j take the values 0 or 1 or —1, and are not all zero. In
particular, by the minimality of m, iy — j; # 0 and 4., — j,, # 0.

From the equality in Eq. , we deduce first that ™ !(a) is a word in
a,(a),..., ™ 2(a), and then that « is a word in (), ..., 9™ (a); by applying
¥~1, this in turn yields that »~!(a) is a word in a,¥(a), ..., 9™ 2(a).

From this it easily follows that 1/* () is a word in a, ¥(a), ..., ¥™2(a) for every
k € Z. Recalling the definition of 1) we deduce that for every keZ,

(Bs™ 1) Fa(Bs ) € (o, (Bo) ra(Bs™H) T, (B (B )T O
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We are now in the position to prove that an automorphism of a non-polycyclic
finitely generated soluble group has exponential growth.

Theorem 8.2. Let G be a finitely generated soluble group and let ¢ : G — G be an
automorphism of subexponential growth. Then G is polycyclic.

Proof. Let d € N\ {0} be the derived length of G. We argue by induction on d.
The case d = 1 is trivial, since in this case G is a finitely generated abelian group
and hence polycyclic.

Suppose that d > 0. To avoid some cumbersome notation, set A := G,
Since G/A has derived length d — 1 and the automorphism induced by ¢ on G/A
has subexponential growth in view of Lemma (b), we conclude that G/A is
polycyclic by the inductive hypothesis. In particular, since A is abelian, to deduce
that G is polycyclic it suffices to show that A is finitely generated.

For i € {0,...,d — 1}, let

b; G(i)/G(iH) N G(i)/G(iH)
be the automorphism induced by ¢ on the section G /G4, Observe that
G® /G s abelian and ¢; has subexponential growth by Lemma (a) and (b).

Therefore, by Lemma [7.2|there exists £; € N\ {0} such that ¢* acts nilpotently on
GO /G Set

d
i=1

By Lemma ¢" acts nilpotently on G /GU+1) for every i € {0,...,d —1}.
By Lemma ¢ has subexponential growth, so replacing ¢ by ¢‘, we may
assume that ¢ acts nilpotently on each abelian section G /G(+1),
As G//A is polycyclic and as ¢ acts nilpotently on each G(*) /GU+1) | by Proposi-
tion [6.7] there exists a normal series
G=G1>Gy> - >G1>G.=A,
(1) refining the derived series of G/A;
(2) with G;/G;41 cyclic for each i € {1,...,xk — 1};
(3) with [G,¢] < Gi4q foreach i € {1,...,xk—1}.
For each i € {1,...,k — 1}, let g; € G; with G; = (g;, Gi41), that is, ¢;G;11 is
a generator for the cyclic group G;/G;41. Since G/A is polycyclic, so is (G, ¢)/A
and hence each element of (G, ¢)/A can be written as a product

(15) g gy gl A

with 41,49,...,0k_1,%x € Z. We call g1,...,9x_1,¢ a polycyclic presentation of
(G, ¢)/A. Furthermore, as [G;, ¢] < G41, we have

(16) ¢(9:) = giwi,

for some x; € G;41.

We claim that each element x of the polycyclic group (G, ¢)/A can be also written
as a product
(17) z=(g10" ) (92071)2  (grrd )19 A
with 41,49,...,ik_1,%x € Z. We prove this claim arguing by induction on x, fixed
the polycyclic presentation g1, ..., gx_1, ®.
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Let € (G,4)/A. By Eq. (15), we have z = g{'g3*--- gl ¢ A, for some

J1s--+5Jr € Z. Now, with a computation, we obtain
(o™ = (10 Vg™ (1™ ") = ;16(91)d°(g1) -+ ¢ M (gr)p ™
71 times

= gilg1z1)(gr16(21)) - - (1 d(z) - - 7 2 (1)),

observe that in the second equality we used ¢~‘g; = ¢*(g1)p~¢ for each ¢ €
{1,...,71 — 1}, and in the third equality we used Eq. (16). Now, x; € G2 and
hence gbf(zl) € G5 for each £. Moreover, Go <G = G. Therefore, by collecting all
the g1’s on the left hand side, we obtain
(18) (g1¢7 ") = g'yao™",
for some y; € G5. Hence

1= (g™ ) oy,
and so
(19) o= (oY Ny g gl A
Observe that each element of (G, ¢)/A can be written as a product as in Eq.
with i3 = 0. As y; —1 32 . gi’“ ' € G2 and ¢(G2) = G2, we have

Gty g A = 0Ty 19%2 g A
= gl gl oA,

for some lo, ..., ¢, € Z. By the inductive hypothesis applied to the group (G2, ¢)/A
with polycyclic presentation given by the elements g, ..., gx—1, ¢, there exist io, ..., 7, €
Z with

(20) 995" 95 5 (gz¢ D (ga1gT ) g AL
Summing up, from Egs. (| and ( , we get

x = gi'gl- gi” fcﬁj"A =[(gro ") ¢y gd g ¢ A
(g10~ ") (9207 1)" -+ (go10™ 1)1 9™ A,
and the claim in Eq. is now proved.

In what follows we set g, := eg. As (G, ®)/A is polycyclic, it is finitely presented
and hence, in view of Lemma[2.6] there exist a1, ...,a; € A such that every element
of A can be expressed as a product of conjugates of the a; in (G, ¢), that is,

(21) A= (rajz™t 12 € (G,8),j € {1,....0}).

Applying Lemma with 8 := g, and with each a € {aq,...,as}, we see that
the set
{(gn(b_l)_kaj(gnqs_l)k tke€Z,je{l,.... l}}
spans a finitely generated subgroup A; of A. Let aji,...,a1,, be a finite set
of generators for A;. Applying Lemma with g := gx—1 and with each a €
{@1,1,...,01,0, }, we see that the set

{(ge-10") P (g1 ) ik eZ,j e {1,...,01}}

spans a finitely generated subgroup As of A with A; < As. Moreover, As contains
all the elements of the form

(901671 (9007 059067 (9107
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with i,_1,ix € Z and j € {1,...,£}. Now arguing inductively we may construct a
chain
A <Ay <Az <. <A <A
of finitely generated subgroups of A.
By construction, A, contains all elements of the form

(910~ (ga19™ ) T (gx0 ™) T (950 ) M (gua9T ) (T,
with i1,...,ix—1,%x € Z and j € {1,...,£}. Since 41,...,1, are arbitrary integers,
from Eq. 7 we deduce that A, contains all elements of the form

-1
roxT T,

with € (G, ) and j € {1,...,¢}. Thus Eq. yields A = A, and A is finitely
generated, hence G is polycyclic. O

Corollary 8.3. Let G be a finitely generated virtually soluble group and let ¢ : G —
G be an automorphism of suberponential growth. Then there exists a finite-index
polycyclic normal ¢-stable subgroup H of G. In particular, G is virtually polycyclic.

Proof. In view of Lemma there exists a finite-index soluble normal ¢-stable
subgroup H of G. Moreover, H is finitely generated by Lemma and ¢ [y has
subexponential growth by Lemma (a). Then H is polycyclic by Theorem (8.2
hence G is virtually polycyclic. [l

The next lemma contains the fundamental part of the proof of Theorem [8-5]

Lemma 8.4. Let G be a torsion-free polycyclic group and let ¢ : G — G be an
automorphism of subexponential growth. Then there exist £ € N\ {0} and a finite-
index normal ¢-stable subgroup N of G such that (N, $%) is nilpotent.

Proof. We proceed by induction on the Hirsch length of G. Our aim is to prove
that G is virtually nilpotent and then Lemma [2.3] and Lemma will give the
thesis.

Consider the abelian quotient G/[G,G]. Then ¢ induces an automorphism on
G/|G, G] of subexponential growth by Lemma (b). By Lemma there exists
¢ € N\ {0} such that ¢ acts nilpotently on G/[G, G] and (G/[G, G], #*) is nilpotent.

Let t := [t(G/[G, G])| (so, t is the order of the torsion subgroup of the abelian-
ization of GG) and set

N = ([G,G],z" : x € G).
Then N is a normal ¢-stable subgroup of G such that [G,G] < N < G and N/[G, G]
is torsion-free. Since G is torsion-free, we have N > [G, G] because G/[G, G] cannot
be a torsion group. Moreover, ¢¢ acts nilpotently on N/[G,G]; so, as N/[G,G] is a
torsion-free abelian group, by Lemmathere exists a ¢’-stable subgroup M of G
with [G,G] < M < N and N/M infinite cyclic. As M contains [G, G], we see that
M is a normal subgroup of G.

By construction, the Hirsch length of G is strictly larger (by one) than the Hirsch
length of M. Therefore, by induction, there exists a non-zero multiple £ of £ and
there exists a finite-index ¢’-stable normal subgroup K of M such that (K, ¢*) is
nilpotent.

Take

C .= ﬂKg.

geG
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Clearly, C'is a ¢-stable normal subgroup of G and (C, ¢* ) is nilpotent. Moreover,
C has finite-index in M this is because there is a natural injection
M M M
[l e ing | bt
ﬂgEG geqG

where [ [, M/K? has exponent at most |M : K| and so M/C must be finite since
M is polycyclic.
Consider the following sequence of (b@l—stable normal subgroups of G

C<M<N<LQG,

and observe that G/C is polycyclic and it is actually an extension of the finite group
M/C, by the infinite cyclic group N/M, by the finite group G/N. By Lemma
there exists a finite-index qb[—stable normal subgroup L of G with L/C torsion-free;
in our situation this means that L/C is infinite cyclic. See Figure

G

finite finite

Z finite

finite

C

FIGURE 1. Figure for the proof of Lemma [8.4]

Since our aim is to prove that G is virtually nilpotent, to simplify our notation
we replace G by L, M by C' and ¢ by #"". In particular, now G is a torsion-free
polycyclic group that contains a normal ¢-stable subgroup M with G/M infinite
cyclic. Moreover, ¢ acts nilpotently on M and (M, ¢) is nilpotent, and hence M is
nilpotent.

Let x € G with G = (z, M). As ¢ normalizes G/M = Z, we see that ¢(zM) =
2°M, where ¢ € {—1,1}. In particular, replacing ¢ by ¢? we may now assume
that ¢ = 1. In particular, ¢(z) = xm, for some m € M. Given k € N\ {0}, set
my, := mo(m) - - - ¢¥~1(m). Arguing inductively, it is easy to show that

(22) ¢*(z) = xmy and my, € M,
for every k € N\ {0}.
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Let A be the last term of the lower central series of M, thus A is abelian and
central in M. Set

C:=Cus(p)={acA:¢(a) =a} <A< M.

As ¢ acts nilpotently on A and A is torsion-free, we see that C' is infinite and
torsion-free. In fact, there exists a minimum k € N\ {0} such that [A,; ¢] = 1, so

[A,r—1 ¢] # 1 (by Lemma 6.5 we have [A4,,, ¢] = (¢ —ida)"(A) for every n € N\ {0},
hence C > [A,x—1 ¢]). Moreover, C' is a normal subgroup of G; in fact, C <M and
C® = (Ca(9))* = Cas(z '¢x) = Ca(p- (¢ "2 P))
= Ca(¢-¢(z™")z) = Cale- (xm) 'x) = Ca(pm) = Ca(9) = C,

where the equality Cx(¢m) = Cx(¢) follows because m € M and A is central in
M.

Since the Hirsch length of G/C is strictly smaller than the Hirsch length of G, by
the inductive hypothesis there exist £ € N\ {0} and a finite-index normal ¢-stable
subgroup K of G with C < K and (K/C, ¢*) nilpotent.

As above, since our aim is to prove that G is virtually nilpotent, we assume that
G = K and ¢ = 1, replacing also M with M N K. Therefore, G is a torsion-free
polycyclic group and we have a chain

C<M<LG
with

(v) (M, ¢) nilpotent (and hence M nilpotent).

Let ¢, : C — C be the automorphism induced by z by conjugation on C (i.e., ¢y
is the restriction to C' of the inner automorphism of G relative to ).
Let F € F(C) and let m € N\ {0}. We prove that

(23) Yo, 1, p(m+1) =74 Fe(m +1).
Consider ag,...,a,, € F and
y = apzd(a17)d* (asx) - - - ™ () € Trni1(d, Fx).
Since ¢ centralizes C (i.e., ¢(c) = ¢ for every ¢ € ('), the above product becomes
y = aproyp(z)and(x?) - - - ™ ().
For every k € N\ {0} and « € C, from Eq. we have
oF(z)a = zmpa = zamy, = zax™ - amy, = -1 (Q)zmy = 11 () Pk ()
and hence
(24) (@) = 11 ()6 (2).

Using Eq. , we may rewrite our product y by pushing all the x’s on the right,
obtaining

Y = Qolg-1 (al)bi—l (a2) T L;nfl (am)x¢>(x)¢2(x) e ¢m(x)
€ Tnii(tgr, Flag(x)g?(z)--- o™ ().
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This proves that
Tm+1(¢7 F:L') - Tm-l-l(Lx*l ) F).T¢(ZL’)¢)2($) e ¢m(x)
Now,
Tnt1(9, F2)| = [Tt (11, F)ag()¢? (2) -+ ™ (2)] = [Tmga (a1, F),
and this proves the equality in Eq. (23).

Since ¢ has subexponential growth, from Eq. we deduce that v, , r is
subexponential, and by the arbitrariness of F' € F(C) we conclude that ¢,-1 (and
hence ¢,) has subexponential growth.

From Lemma|7.2] applied with G := C and ¢ := 4, there exists £ € N\ {0} such
that £ = 1,¢ acts nilpotently on C. As usual, replacing ¢* by ¢, we may assume
that £ = 1. Let ¢ € N\ {0} with [C,.¢z] = 1.

From (iii), G/C is nilpotent and hence there exists d € N with v441(G/C) = 1.
Then 7441(G) < C by Lemmal[2.2] Since G = (z, M) and C is central in M (see (ii)
and (iv)), we obtain

7d+0+1(G) = h/d—i-l(G)’ G, ey G] < [Ca Ga R G}
——— —_———

c times c times

=[O, (&, M), ... (&, M)] = [Crote] = 1.

This implies that G is nilpotent. d

We are now in the position to prove our main theorem.

Theorem 8.5. If G is a locally virtually soluble group and ¢ : G — G is an
endomorphism, then ¢ has either exponential or polynomial growth.

Proof. Assume that ¢ has subexponential growth. To conclude that ¢ has polyno-
mial growth, we need to prove that, for every F' € F(G), the function 4 r has poly-
nomial growth. Therefore, fix F' € F(G) and set V(¢, F) := (F, ¢(F), ¢*(F),...).
By Lemma (a) ¢ lv(g,r) has subexponential growth. Clearly, 74 r has poly-
nomial growth if ¢ [y (4 r) has polynomial growth. In particular, we may assume
without loss of generality that G = V (¢, F'). By Lemma G is finitely generated.

Let K := Keroo(¢) and let ¢ : G/K — G/K be the endomorphism induced by
¢ on G/K. Observe that ¢ is injective. By Lemma (b), ¢ has subexponential
growth, and hence Proposition yields that ¢ is an automorphism. Then ¢ is
an automorphism of a finitely generated virtually soluble group of subexponential
growth.

Corollaryyields that G//K has a finite-index polycyclic ¢-stable normal sub-
group H/K. In particular G/K is virtually polycyclic, hence finitely presented. By
Lemma and Lemma we conclude that ¢ and ¢ have the same growth type.

Replacing G by G/K if necessary, we may assume that G is virtually polycyclic,
¢ is an automorphism of subexponential growth and H is a finite-index polycyclic
normal ¢-stable subgroup of G. By Lemma we may assume that H is torsion-
free.

By Lemma there exist £ € N\ {0} and a finite-index normal ¢‘-stable
subgroup N of H such that (N, ¢*) is nilpotent. Since [(G, ) : (N, ¢*)| = |G : N|¢
is finite, the group (G, ¢) is virtually nilpotent. Hence ¢ has polynomial growth by
Proposition [5.2] O
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