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The Ellis semigroup of a discrete dynamical system (X, f),
denoted by E(X, f), is the closure of {f™ : n € N} inside of the
compact space XX,
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Definition

The Ellis semigroup of a discrete dynamical system (X, f),
denoted by E(X, f), is the closure of {f™ : n € N} inside of the
compact space XX,

It well-known that E(X, f) is a compact semigroup whose
operation is the composition of functions.
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Definition

The Ellis semigroup of a discrete dynamical system (X, f),
denoted by E(X, f), is the closure of {f™ : n € N} inside of the
compact space XX,

It well-known that E(X, f) is a compact semigroup whose
operation is the composition of functions.

E. Glasner, Enveloping semigroups in topological dynamics,
Topology Appl. 154 (2007), no. 11, 23442363
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If (X, f) is a discrete dynamical system, then

(a)
E(X, f) ={f" | p e BN}
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Theorem

If (X, f) is a discrete dynamical system, then

(a)
E(X, f) ={f" | p e BN}

(b) E(X, f) is a quotient of SN.

M. Sanchis Ellis semigroup and NDS



Ellis semigroup and NDS
Introduction
The Ellis semigroup

M. Sanchis Ellis semigroup and NDS



Ellis semigroup and NDS
Introduction
The Ellis semigroup

Definition

M. Sanchis Ellis semigroup and NDS



Ellis semigroup and NDS
Introduction
The Ellis semigroup

Definition
A nonautonomous discrete dynamical system is a pair (X, fi,00)

M. Sanchis Ellis semigroup and NDS



Ellis semigroup and NDS
Introduction
The Ellis semigroup

Definition

A nonautonomous discrete dynamical system is a pair (X, fi,00)
where X is a compact metric space and fi o is a sequence of
continuous functions (fy, : X — X),en.
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Definition

A nonautonomous discrete dynamical system is a pair (X, fi,00)
where X is a compact metric space and fi o is a sequence of
continuous functions (fy, : X — X),en.

S. Kolyada and L. Snoha, Topological entropy of
nonautonomous dynamical systems, Random Comp. Dynam. 4
(1996), no. 2-3, 205-233.
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— Given n € N, the n-iterate of a nonautonomous discrete
dynamical system (X, fi o) is the composition

1= fno fa—10..... o fao fi.
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— Given n € N, the n-iterate of a nonautonomous discrete
dynamical system (X, fi o) is the composition

1= fno fa—10..... o fao fi.

—If (X, f1,00) is a nonautonomous discrete dynamical system,
then the orbit of a point x € X is the set

Oy, o (x) = {z, fi(x), f2(x),....., f(2),....}.
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Definition The FEllis semigroup of a nonautonomous discrete

dynamical system (X, fi o) is the pointwise closure of the set
{fP |n € N} inside of the compact space X*~.

This compact space will be denoted by E(X, fi,c0)-
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BN = {p | p is an ultrafilter on N}

The topology of SN

A={pepN| Aep}

{fl | AC N} is a base for the topology of SN
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Definition (Bernstein (1970), Furstenberg (1981), Akin (1997))

Let X be a topological space. A point x € X is said to be a
p-limit point of a sequence (z,)nen if for all neigboorhood V' of
x we have
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Definition (Bernstein (1970), Furstenberg (1981), Akin (1997))

Let X be a topological space. A point x € X is said to be a
p-limit point of a sequence (z,)nen if for all neigboorhood V' of
x we have

{neN |z, eV}enp.
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Let p, g be two free ultrafilters. The ultrafilter p + ¢ is defined
as
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Definition

Let p, g be two free ultrafilters. The ultrafilter p + ¢ is defined
as

p+q={SCN | {m|{n|m+neS}teq}ep}.
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Definition

Let (X, f1,00) be a nonautonomous discrete dynamical system.
For each p € N*, we define the function fI': X — X by

fi(@)=p— lim f'(z),
for every z € X.

This function f} is called the p-iterate of the nonautonomous
discrete dynamical system (X, fi,), for each p € N*.
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Theorem

For every nonautonomous discrete dynamical system (X, fi o),
we have that

E(X, fiee) ={f] :p € BN)}

and fI = p — lim,_,o f]', for all p € N*, in the pointwise
topology.
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The operation on E(X, fi o)
If p,q € B(N), then we define

+
e =
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The operation on E(X, fi o)
If p,q € B(N), then we define

+
e =

Remark. This operation of E(X, fi ) does not coincide with
the composition of functions.

M. Sanchis Ellis semigroup and NDS



Ellis semigroup and NDS
Nonautonomous dynamical systems and the Ellis semigroup

The operation on E(X, fi o)
If p,q € B(N), then we define

+
e =

Remark. This operation of E(X, fi) does not coincide with
the composition of functions.

Let X =[0,1] and let f,, : X — X be defined by f,(z) = n%rl,
for each x € X and for each n € N. Then
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The operation on E(X, fi o)
If p,q € B(N), then we define

+
e =

Remark. This operation of E(X, fi) does not coincide with
the composition of functions.

Let X =[0,1] and let f,, : X — X be defined by f,(z) = n%rl,
for each x € X and for each n € N. Then

fixfi=fi=foofi=foand fiofi = f1
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Let (X, fi1,00) be a nonautonomous discrete dynamical systems.
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Theorem

Let (X, fi1,00) be a nonautonomous discrete dynamical systems.
Then, the space E(X, fi,0) is a continuous image of E(X, fx )
for each k € N with k > 2.
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Theorem

Let (X, fi1,00) be a nonautonomous discrete dynamical systems.
Then, the space E(X, fi,0) is a continuous image of E(X, fx )
for each k € N with £ > 2.

Remark The previous theorem gives us a sequence of continuous
surjections:

...... — E(X, froo) = oo = E(X, fo,00) = E(X, fi,00)s

for every nonautonomous discrete dynamical systems (X, f1,00)-
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Theorem

Let (X, fi,00) be a nonautonomous discrete dynamical systems
such that

Jroo = (f1s fos ooy fros J15 f2r ooy fros f1, for ooy fienonn)

where 1 < k € N and f; : X — X is a continuous functions for
each 1 <i<k.
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Theorem

Let (X, fi,00) be a nonautonomous discrete dynamical systems
such that

Jroo = (f1s fos ooy fros J15 f2r ooy fros f1, for ooy fienonn)

where 1 < k € N and f; : X — X is a continuous functions for
each 1 <i < k. IfpeC7 for some j <k,
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Theorem

Let (X, fi,00) be a nonautonomous discrete dynamical systems
such that

Jroo = (f1s fos ooy fros J15 f2r ooy fros f1, for ooy fienonn)

where 1 < k € N and f; : X — X is a continuous functions for
each 1 <i<k. Ifpe C7 for some j <k, then

flefjo..ofaofioE(X, fro.... o fao f1)

Notation Here, for each 1 < k € N and ¢ < k, we let
C; ={neN:n=imod(k) }.

M. Sanchis Ellis semigroup and NDS



Ellis semigroup and NDS
Nonautonomous dynamical systems and the Ellis semigroup

M. Sanchis Ellis semigroup and NDS



Ellis semigroup and NDS
Nonautonomous dynamical systems and the Ellis semigroup

Definition

M. Sanchis Ellis semigroup and NDS



Ellis semigroup and NDS
Nonautonomous dynamical systems and the Ellis semigroup

Definition

Following Y. Shi (2012), we say that a nonautonomous discrete
dynamical systems (X, flm) is induced by the nonautonomous
discrete dynamical systems (X, f1,0) if there is a strictly
increasing sequence (ky)nen of natural numbers such that

fl = fly O eene o f1 and fn = fr, O ... o fk,_,+1 for each positive
n € N bigger than 1.
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Proposition

Let (X, fLoo) be a nonautonomous discrete dynamical systems
induced by the nonautonomous discrete dynamical systems
(X, fi,00) Via a strictly increasing sequence (ky,)nen of positive
integers.
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Proposition

Let (X, fLoo) be a nonautonomous discrete dynamical systems
induced by the nonautonomous discrete dynamical systems
(X, fi,00) Via a strictly increasing sequence (ky,)nen of positive
integers. If k, + k,, = kptm for all n,m € N,
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Proposition

Let (X, fLoo) be a nonautonomous discrete dynamical systems
induced by the nonautonomous discrete dynamical systems

(X, fi,00) Via a strictly increasing sequence (ky,)nen of positive
integers. If k,, + ky, = kpym for all n,m € N, then E (X, fLOO) is
a subsemigroup of E(X, f1 ).
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Theorem
Let (X, f1,00) be a nonautonomous discrete dynamical system.
If either

@ the family {f]" : n € N} is equicontinuous; or

@ (fn)nen converges uniformly to a function ¢ : X — X and
the family {¢ o f{' : n € N} is equicontinuous,

then the function f¥': X — X is continuous for each p € N*.
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Theorem

Let (X, fi,00) be a nonautonomous discrete dynamical system
such that (f,)nen converges uniformly to a function ¢ : X — X.
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Theorem

Let (X, fi,00) be a nonautonomous discrete dynamical system
such that (f,)nen converges uniformly to a function ¢ : X — X.
Then ¢9 o f¥ = I for every p € N* and for every ¢ € B(N).
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Theorem

Let (X, fi,00) be a nonautonomous discrete dynamical system
such that (f,)nen converges uniformly to a function ¢ : X — X.
Then ¢9 o f¥ = I for every p € N* and for every ¢ € B(N).
In particular, the Ellis semigroup E(X, ¢) acts on the Ellis
semigroup E(X, f1,00)"
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Definition

Given a nonautonomous discrete dynamical system (X, f1 ),
for each p € N*, we define E,(X, fio0) := {777 :q € B(N)}.
Notice that E,(X, fi o) is a subsemigroup of E(X, fi ) for
every p € N*,
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Theorem

Let (X, fi1,00) be a nonautonomous discrete dynamical system
that (f,)nen converges uniformly to a function ¢ : X — X.
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Theorem

Let (X, fi1,00) be a nonautonomous discrete dynamical system
that (f,)nen converges uniformly to a function ¢ : X — X.
Then E,(X, fi,00) is a continuous image of E(X, ¢) for each

p € N*.
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Theorem

Let (X, fi1,00) be a nonautonomous discrete dynamical system
that (f,)nen converges uniformly to a function ¢ : X — X.
Then E,(X, fi,00) is a continuous image of E(X, ¢) for each
p € N*. As a consequence, E,(X, fi ) is a quotient space of
E(X, ¢) for every p € N*.
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Theorem

Let (X, fi1,00) be a nonautonomous discrete dynamical system
such that (f,)nen converges uniformly to a function ¢ : X — X.
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Theorem

Let (X, fi1,00) be a nonautonomous discrete dynamical system
such that (f,)nen converges uniformly to a function ¢ : X — X.
Then, the function ¢ : X — X has a fixed point in w(z, fi )
for every z € X.
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Corollary

Let (X, f1,00) be a nonautonomous discrete dynamical system
such that (f,)nen converges uniformly to a function ¢ : X — X.
If p € N* is an idempotent,
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Corollary

Let (X, f1,00) be a nonautonomous discrete dynamical system
such that (f,)nen converges uniformly to a function ¢ : X — X.
If p € N* is an idempotent,

then f{*7(z) is a fixed point of P for each ¢ € N* and = € X.
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Corollary

Let (X, f1,00) be a nonautonomous discrete dynamical system
such that (f,)nen converges uniformly to a function ¢ : X — X,
let p € N* and let « € X.
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Corollary

Let (X, f1,00) be a nonautonomous discrete dynamical system
such that (f,)nen converges uniformly to a function ¢ : X — X,
let p € N* and let « € X.

Then, fV(z) is a periodic point of ¢ iff there is n € N such that

fx) = 777" ().
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Definition

Two nonautonomous discrete dynamical systems (X, fi o) and
(Y, g1,00) are called topologically semi-conjugate if there is a
surjective continuous function A : X — Y such that

gn(h(z)) = h(fn(z)) for every x € X and for every n € N. If the
function h is a homeomorphism, then we say that they are
topologically conjugate.
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Theorem

Let (X, fi,00) and (Y, g1,00) be two nonautonomous discrete
dynamical systems topologically semi-conjugate via the
surjective continuous function i : X — Y. Then, E(Y, g1) is a
continuous image of E(X, fi o).
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Theorem

Let (X, fi,00) and (Y, g1,00) be two nonautonomous discrete
dynamical systems topologically semi-conjugate via the
surjective continuous function i : X — Y. Then, E(Y, g1) is a
continuous image of E(X, fi ). If h is a homeomorphism, then
E(Y, g1,00) and E(X, f1,00) are topologically isomorphic.
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That’s all folks
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That’s all folks

THANK YOU FOR YOUR ATTENTION
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