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Compact case

Let X be a compact and let f : X → X be continuous.
The topological entropy of f is a non-negative number h(f )
which often is taken as a measure of the dynamical
complexity of f .
Adler, Konheim and McAndrew’s definition:

A = {Ai} a finite open cover of X .
N (A) the minimum number of elements from A to cover X .
∨n−1

i=0 f−i (A) = {∩n−1
i=0 f−i (Aji ) : Aji ∈ A}, f−i = (f i )−1, and

f i = f ◦ f i−1, i ≥ 1, f 0 is the identity on X .
h(f ,A) = limn→∞

1
n logN

(
∨n−1

i=0 f−i (A)
)

.

hAKM(f ) = sup{h(f ,A) : A is a finite open cover of X}.
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Compact case: metric

Let (X ,d) metric and let f : X → X be uniformly
continuous.
Bowen’s definition:

Let K be a compact subset of X and fix ε > 0 and n ∈ N.
A subset S ⊂ K is said to be (n, ε,K , f )–separated if for any
x , y ∈ S, x 6= y , there is k ∈ {0,1, ...,n − 1} such that
d(f k (x), f k (y)) > ε.
Denote by sn(ε,K , f ) the cardinality of a maximal
(n, ε,K , f )–separated subset S.
The topological entropy of f on K is

hd (f ,K ) = lim
ε→0

lim sup
n→∞

1
n

log sn(ε,K , f ),

The topological entropy of f is

hd (f ) = sup{hd (f ,K ) : K ⊂ X compact}.
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Compact case: metric

Let (X ,d) compact and metric and let f : X → X be
continuous. Then

hAKM(f ) = hd (f ).

In particular, topological entropy does not depend on the
metric generating the topology on X .
Variational principle

hAKM(f ) = sup{hµ(f ) : µ ∈M(X , f )} = hVP(f ),

whereM(X , f ) is the set of Borel invariant measures of f
(µ(A) = µ(f−1(A)) for all Borel set A) and hµ(f ) is the
metric (Kolmogorov-Sinai) entropy of f .
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Compact case: Basic properties

(TE1) Let f ,p : X → X and g : Y → Y be continuous maps on
the topological spaces X and Y , respectively and let
ϕ : X → Y be continuous and such that ϕ ◦ f = g ◦ ϕ.

1 If ϕ is surjective, then hAKM(f ) ≥ hAKM(g).
2 If ϕ is injective, then hAKM(f ) ≤ hAKM(g).
3 If ϕ is bijective, in particular if it is an homeomorphism, then

hAKM(f ) = hAKM(g).
(TE2) Power formula. For n ∈ N, hAKM(f n) = nhAKM(f ).

Additionally, if f is an homeomorphism then
hAKM(f ) = hAKM(f−1), and therefore hAKM(f n) = nhAKM(f )
for all n ∈ Z.

(TE3) Product formula. hAKM(f × g) = hAKM(f ) + hAKM(g).
(TE4) Commutativity formula. hAKM(f ◦ p) = hAKM(p ◦ f ).
(TE5) If Y ⊂ X is compact and invariant by f , then

hAKM(f |Y ) ≤ hAKM(f ). In addition, if X = ∪k
i=1Xi and

f (Xi) ⊆ Xi , then hAKM(f ) = max{hAKM(f |Xi ) : i = 1,2..., k}
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Framework

Now, let f : X → X be a continuous map on a non
necessarily compact (metric) space.
Fixed x ∈ X , we denote by Orbf (x) the forward orbit of x
under f , that is, the sequence f n(x) for n ∈ N.
The set of accumulation points of Orbf (x) is the ω-limit set
ωf (x).
This ω–limit set is closed and strictly invariant by f , and
then we can define the following invariant subsets of X :

Kf = {x ∈ X : ωf (x) is compact and non empty},

Cf = {x ∈ X : ωf (x) is non empty and non compact},

Ef = {x ∈ X : ωf (x) is empty}.
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Two strategies/Two scenarios/Particular cases

Defining by compactifications.
Defining by compact subsets.

Non metric.
Metric.

Locally compact spaces.
Shift spaces.
One dimensional maps.
...
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Hofer’s approach

Hofer first definition:

hH(f ) = sup{h(f ,A) : A finite open cover of X}

Second one: X is a completely regular space and
f ∗ : X ∗ → X ∗, the unique continuous extension of f to the
Stone–Cech compactification X ∗ of X . Then

h∗H(f ) = hAKM(f ∗) ≤ hH(f ).

Both definitions are equivalent when X is normal, but not
true in general (Fedeli’s counterexample).
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Hofer’s approach/Compactifications approach

In what follows X is normal. Then (Hasselblatt, Nitecki and
Propp): Let f : X → X be a continuous map such that
Ef 6= ∅. Then hH(f ) = +∞.
Problems with properties (T1)–(T5).
Hofer example. We consider the map f : Z→ Z given by
f (n) = n + 1 for all n ∈ Z holds that h∗H(f ) = hH(f ) =∞.
We can define

h∗(f ) = inf{hAKM(f ∗) : f ∗ is a extension of f}.
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Compact atoms approach/Inspired by Misiurewicz topological
conditional entropy

Denote by K(X ) the family of compact subsets of X and let
A be an open cover of X .
For K ∈ K(X ), we define the number

N
(

K ,∨n−1
i=0 f−i(A)

)
as the smallest cardinality of a subcover of ∨n−1

i=0 f−i(A)
such that the union of its elements contains K . Then

h(f ,K ,A) = lim sup
n→∞

1
n

logN
(

K ,∨n−1
i=0 f−i(A)

)
and

h(f ,K ) = sup{h(f ,K ,A) : A open cover of X}.
Finally

hMC(f ) = sup{h(f ,K ) : K ∈ K(X )}.
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Compact atoms approach

Let K(X , f ) be the family of compact subsets K of X which
are invariant by f , that is, f (K ) ⊆ K .
The restricted map f |K is the properly defined in a compact
space.
Then (Cánovas and Rodriguez)

hCR(f ) = sup{hAKM(f |K ) : K ∈ K(X , f )}.

Good properties (T1)–(T5), except for (TE1)(1) and (TE5)
maximum formula.
In general

hCR(f ) ≤ h∗(f ) ≤ hH(f ).

hCR(f ) ≤ hMC(f ) ≤ hH(f ).
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Friedland’s approach

Let X ∗ be a compactification of X . Then (X ∗)N is compact
and the shift map σ : (X ∗)N → (X ∗)N, given by
σ(xn) = (xn+1), is continuous. Consider

X f = {(xi)
∞
i=0 : xi = f (xi−1) with i = 1,2, ...} ⊂ (X ∗)N.

Then σ(X f ) ⊂ X f and Friedland topological entropy is

hF (f ) = h(σ|Cl(X f )).

Then

h∗F (f ) = inf{hF (f ) : X ∗ is a compactification of X}.

When X is compact hAKM(f ) = hAKM(σ|X f ).
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Proper maps (Patrao)

An open cover A = {Ai : i ∈ I} of a Haussdorf topological
space X is co–compact if for any Ai ∈ A the subset X \ Ai
is compact. Co–compact covers have finite subcovers.
A continuous map f : X → X is said to be proper if f−1(K )
is compact for all K compact subset of X . Then f−1(A) is a
co–compact cover of X .
Define

hP(f ) = sup{h(f ,A) : A is a co− compact open cover of X}.

For proper maps hCR(f ) ≤ hP(f ) ≤ hH(f ).
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Few comments

Everything is more rich due to metrics. Bowen’s definitions,
invariant measures...
Definitions are metric dependent.
In general, no Lebesgue number for covers, which implies
problems to relate Bowen and open covers definitions.
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Countable shift maps

Let Σ = {0,1, ...} be a countable alphabet (vertices).
Consider a matrix A = (aij) with infinite entries of 0’s and
1’s and let S = {(xn) ∈ ΣZ : axnxn+1 = 1, n ∈ Z} and let
σ : S → S be the shift map given by σ(xn) = (xn+1).
We assume that S is connected, that is, for any i , j ∈ Σ,
there are n ∈ N and a block [i , x1, ..., xn−1, j] contained in
an element of S.
If the alphabet Σ is finite, then S is compact and σ [or
(S, σ)], is a subshift of finite type. If Σ is infinite, then S is
not compact and the Gurevic entropy of σ is then defined
by

hG(σ) = sup{hAKM(σ|K ) : σ|K is a subshift of finite type}.
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Countable shift maps

Σ is locally compact, we can compactify it by a point
Σ∗ = Σ ∪ {∞} and we can take S∗ the closure of S in
(Σ∗)Z and the continuous extension σ∗ : S∗ → S∗. The nice
result of Gurevic states that

hG(σ) = hAKM(σ∗).

Since the subshifts of finite type of S are in the family of
K(S, σ), then we obtain that

hG(σ) = hCR(σ) = hMC(σ) = hAKM(σ∗) = h∗(σ) = hVP(σ).

In addition, one can introduce the totally bounded metric
dG on S. Then hG(σ) = hdG (σ). In addition

hG(σ) = hD(σ) = inf{hd (σ) : d metric}.
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Continuous real maps

Let φ : R→ R be defined by φ(x) = 2x (d is standard
Euclidean distance).
The dynamics of φ is quite simple: x0 = 0 is the unique
fixed point of f and then, if x > 0, the sequence φn(x)
converges monotically to +∞ and if x < 0, then φn(x) goes
to −∞.
On the other hand, hd (φ) = log 2.
We have that hCR(φ) = hAKM(φ∗) = h∗(φ) = 0.
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Continuous real maps

f : R→ R continuous.
Let [a,b] ⊂ R and consider the natural retraction
τ[a,b] : R→ [a,b] by

τ[a,b](x) =


a, if x < a,
x , if x ∈ [a,b],
b, if x > b.

Define f[a,b] : [a,b]→ [a,b] by f[a,b] = τ[a,b] ◦ f |[a,b], where
f |[a,b] : [a,b]→ R is the restriction of f to [a,b]. Hence,

hCR(f ) = sup{hAKM(f[a,b]) : a,b ∈ R,a < b}.

hCR(f ) > 0 if and only if f k has a horsehoe for some k .
Relationship with chaos.
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Continuous real maps

hCR(f ) > 0 if and only if f k has a horsehoe for some k .
Relationship with chaos.
If f is piecewise monotone (for all compact subinterval
[a,b], there is a finite number of subintervals of [a,b] such
that f is monotone on such intervals), then hCR(f ) ≤ hG(σ)
for a suitable countable shift.
If f has Markov property, there is a countable shift such
that hCR(f ) = hG(σ).
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